Introduction and Main results.
Let D be a bounded domain in C n . For u ∈ C 2 (D), we denote H(u)(z) = . When D is a smoothly bounded strictly pseudoconvex domain in C n , a formal positive solution of (1.3) was given by C. Fefferman in [7] . The existence of a positive solution was proved by Cheng and Yau [5] . Moreover, they also proved that ρ ∈ C n+3/2 (D). Lee and Melrose [21] gave an asymptotic expansion for ρ, which implies that ρ ∈ C n+2− (D). When D is a smoothly bounded weakly pseudoconvex domain in C n , it was proved by Cheng and Yau [5] that there is a complete Kähler-Einstein metric. The same result on the existence of a complete Kähler-Einstein metric was obtained later by Mok and Yau in [27] without an assumption on the smoothness of the boundary ∂D.
Several very interesting and fundamental theorems on the characterization of the unit ball in C n have bee discovered before. For example, B.
Wong's characterization theorem for the unit ball by using non-compact automorphism group in [29] or [17] . A celebrated theorem of Stoll in [28] and Burns in [3] on a characterization theorem of the ball, by using the degenerate complex Monge-Ampère equation, can be stated as follows: 
For convenience, we let
Then U satisfies (1.1) if and only ifŨ satisfies
One observes that if φ : D → B n is a biholomorphic map with φ(z 0 ) = 0, then
satisfies (1.6) with
Conversely, we shall prove the following main theorem of this paper. 
The paper is organized as follows: In Section 2, we will provide several fundamental results, which are mainly stated in Theorem 2.1. As a corollary of Theorem 2.1, we prove Part (a) of Theorem 1.2. In Section 3, we first prove a theorem building up a relationship between subharmonicity of log(1−e −U ) in D and the biholomorphic mapping from D to B n with constant Jacobian. As an application, we will prove Part (b) of Theorem 1.2.
The Proof of Part (a) Theorem 1.2.
In this section, we will prove several preliminary results related to the Kähler-Einstein metric. We will also give a few characterizations of the unit ball using some quantities associated to the Kähler-Einstein metric. Mainly, we will prove the following theorem. 
Then the following three statements hold.
Notice that without the condition m = min{U (z) : z ∈ D} = 0, a theorem of Cheng and Yau in [5] shows that (2.1) has a strictly plurisubhamonic solution U (z) ∈ C ∞ (D) so that, the Kähler-Einstein metric U ij dz i dz j is complete on D. Therefore U − m is a strictly plurisubharmonic solution of
and let
We use the notation
We will prove the following lemma.
Lemma 2.2. Let U (z) be strictly pluri-subharmonic and satisfy (2.1). Then
Proof. Since
Let ∂U denote the row vector with entries
and
Therefore, (2.5) and (2.6) hold, and the proof of the lemma is complete.
Corollary 2.3. Let U (z) be a strictly plurisubharmonic solution of (2.1). Let u(z) and v(z) be defined by (2.4) in term of U . Then the following statements hold. (a) u(z) is plurisubharmonic in D if and only if
Proof. We first prove Part (a). Since U is strictly plurisubharmonic in D and
Therefore, v is strictly plurisubharmonic in D; and the proof of the corollary is complete.
For simplicity, we shall use the notation:
In order to prove Theorem 2.1, We will need the following theorem.
Theorem 2.4. Let D be a bounded weakly pseudoconvex domain in
For any w ∈ D, we shall calculate LT at w. Let z = φ(ξ) be a biholomorphic map between a neighborhood of 0 and a neighborhood of w. Then we define (2.10)Ũ (ξ) = U (φ(ξ)).
It is easy to choose such a map φ so that φ(0) = w and, in the new coordinates,
By the definition of T (z), if we let
where f (ξ) = det(φ (ξ)) and
SinceŨ ijk (0) = 0 and
we have
Therefore, at ξ = 0, we have
Since f is holomorphic, f (0) = 0 and log g(φ(ξ)) is pluriharmonic, we have ∂ pq log F = ∂ pq (log |f | 2 + log g(φ(ξ))) = 0 near ξ = 0. By (2.11) and (2.15), we have
Therefore, at ξ = 0 we have
Therefore, by combining (2.22) and (2.23)
By the maximum principle, we have T (z) ≡ T (z 0 ) = 1, and the proof of Part (a) is complete. Next we prove Part (b). Using (2.24), (2.29) and (2.30), we have
Therefore e U (z) (T (z) − 1) attains its maximum over D at some point on ∂D. Proof. By the results in [5] , we have ρ ∈ C 2 (D). By (2.6) and definition of v(z), one can easily see that 
.
By the assumption (c) of Theorem 2.1, we have
Since e U (z) (1 − T (z)) attains its minimum over D at some point on ∂D, we have e U (z) (1 − T (z)) ≥ 0 on D and so T (z) ≤ 1. By Theorem 2.4 (a), we have T (z) ≡ 1. Corollary 2.3 implies that the function
. Applying Theorem 1.1 (of Burns and Stoll), we have that D is biholomorphically equivalent to the unit ball in C n .
The proof of Part (b) of Theorem 1.2.
In order to prove Part (b) of Theorem 1.2, we first consider biholomorphic mapping between D and B n . Let φ : D → B n be a biholomorphic mapping. Let
Since U (z) is plurisubharmonic, there is point z 0 ∈ D so that U (z 0 ) = 0. Without loss of generality (since B n is a symmetric domain), we may assume that
Then U is a strictly plurisubharmonic solution of (2.1) with g(z) = e (n+1)c . In particular, min{U (z) :
We shall prove the following theorem. 
Then
Then by (2.5)
where
Therefore,
Since h > 0 and v > 0 (if w = 0), we have
Moreover, since h(w) is positive subharmonic and log h(w) is pluriharmonic, we have
This implies that
Since log h(z) is real-valued, (3.9) implies that log h(z) is CR. It must be a constant on ∂B n . Since log h(w) is pluriharmonic, by the Maximum and Minimum Principles, we have h(w) ≡ h(0) = 1 on B n . This implies that | det ψ (w)| 2 = e −(n+1)c . Since det ψ (w) is holomorphic, we have
for some θ ∈ [0, 2π). Parts (i) and (ii) follow directly from the Cartan's theorem (see [17] ). Therefore, the proof of Theorem 3.1 is complete.
As a corollary of Theorem 2.1 and Theorem 3.1, we have Proof. By Theorem 2.1, we have that D is biholomorphic to the unit ball
It is easy to show that
Since e −U ∈ C 2 (D), there exist two constants 0 < c < C < ∞ such that
By the uniqueness theorem in [5] , we have that U (z) = U 0 (z). Thus min{U 0 (z) : z ∈ D} = 0. Applying Theorem 3.1, we have that det(φ ) ≡ e iθ e (n+1)c/2 for some θ ∈ [0, 2π). Moreover, if D is circular with respect to w ∈ D, Cartan's Theorem implies that φ(z) = A(z − w) with A being a scalar n × n matric. Therefore, the proof of the corollary is complete. Finally in the section, we connect the domains, which are biholomorphically equivalent to the unit ball with constant Jacobian maps, to the Bergman kernel function K(z, w). Therefore, the proof of the proposition is complete.
